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Lastweek

Xp (G) c- NIM) + min {n'
- 1M) , n-(M)} for any weighted

adjacency mtx M .

Inertia bound is not always tight :
✗palPaley(9)1=-4.5

Exercises
1) Let Cn be the cycle of length n

.
Show that

Cn¥H⇐> Cn→ It for any graph H.

2) Let G be a connected graph . Show that if G→H

then there is a connected component H
' of H such

that G#Hi
'

.



Graph Isomorphism
1 I

0 2 0 2

4 3 4 3

An isomorphism from a graph G to a graph It is

a function f. ✓(G)→VIH) such that

1) f is a bijection,
2) g~g'⇐> fly )- fly ') .

E×ample:_ fli) --2 : mod 5 for the two graphs above.

Note:_ f is an isomorphism from G to H if and

only if f-
'

is an isomorphism from H to G

If an isomorphism from G to H exists
,
then we say

that G and H are isomorphic and write G±H
.



Quantum Isomorphism
(GH) - Isomorphism Game

V
• Assume V(G) + VH1 are disjoint

✗ ✗ ×
X
'

• V sends At B vertices ×
,
✗
'

c- VIGIUVIH)

+

y y
, i

• At B respond with y,y 'c- V14 VVIH)
A B

• As usual AaB cannot communicate
during the game

winningconditiono.lt
✗ c- V16)⇐>YEVIH) , same for xiy!
Thus {×,y}={ g.h } for some gevlb), HEVIH) .

Define gih
'

similarly.

2) rellg.gl/--rellh,hYi.e.g--ojc--h--hig-gk--sh-higx-oja--sh=ih '

Remand : The (GH)
,
16TH)

,
and IH

,
G) - isomorphism games

are all the same
.



Proposition : There is a perfect classical strategy for
the (GH)- isomorphism game if and only if G==H.

f-
'(h )

f:V(G)→VIH ) iso respond to hg with fly )

Definition : We say that GtHave quantum isomorphic,
denoted G==qH, if there is a perfect quantum strategy
for the (GH) - isomorphism game.

Record: A quantum strategy for the (GH) - isomorphism

game consists of ( let V=V(G) VVCH))

1) unit vector 14> c- ¢d☒¢d for some d c- IN;
2) POVMs E×={ F-✗yE¢d

"
:

y EV} Y ✗ EV for Alice;
3) POVMs F×={F*yE¢d

"
:

y EV} V- ✗ EV for Bob .

This produces the correlation

ply, -14×1×4=44 F-✗y☒F×y . 147.



To win they need ply ,y' IX. ✗ '1=0 unless there are

g.g'c- V16) th, h'EVIH) St. {×,y}={g.h}, {☒:yB={gih
'}

and

rellg.gl/--rellh,hT.Theorem-:IfG-=qH
then there is a winning

quantum strategy sit.
1) 14>=ÉÉ

,

Iii> c- ¢d☒¢d for some dc- IN;
2) F-✗y & Ey are projections Vx,y C- V(G) VVCH);

3) F×y=EÉ, Kay c- V1G) VVCH) .

Furthermore
,

4) F-✗y
--0 if ×,yeV(G) or ×,YEVIH);

5) F-ng
-

- Egh Yg c-V16) & HEVIH)
.

( 11this is analogous to saying that the

strategy for inputs from V16) is "

inverse
"

to the strategy for inputs from VH1.
If A got g & responded ut h , & B got h , then he

must respond with
g



coroltary-G-qltifandor.ly if there exist
DEN and projections F-ghc-fdHV-g.cl/lG),hc-VlH)
satisfying :
1) §Egn=I itGEVIG);
2) §Egn=I V-h€V(H);

3) F-gnEgñ=0 if

rellg.gl/t-rellh,hY.Remark:-Egn
corresponds in some sense to

mapping g to
h
,
i. e. Egh=0 means g is neier

mapped to h and F-gh=I means g is atways

mapped to h .

Matrix Formulations

Isomorphism :

G -=H⇐> 7. a permutation matrix Pst. PtAoP=Aµ

Recall :
AGP -_ PAH

A- a)uv={ I un0 O.W.



What is a permutation matrix?
P c-¢

""

is a permutation matrix if
• Pij C- {0,1} Vi,j c- In ] , and
• each row & column contains exactly one 1

.

Let's relax this notion
.

Let D. c-¢
""

.
If

• D is real & Dij c- [0,1] , and
• EjDij= I :{Den vi. K c-[ n] ,

then D is doubly stochastic .

BirÉfNÉhm : The set of doubly

stochastic matrices is the convex hull of the

permutation matrices.

From our relaxation of permutation matrices we obtain

a relaxation of isomorphism :



G and H are fractionally isomorphic, denoted

by G It
,
if there exists doubly stochastic D sit.
Ao D= DAH .

- linear

DTAGD -- An gives isomorphism

Theorem ( Tinhofer/Ramana
,
Scheinerman

, + Ullman )

G It if and only if G & H have equitable partitions
1C

, , . . . ,Cr ) +Cci, . . . .CL ) respectively s.t.kil-K.it
for all i c-[r] and these partitions have the

same quotient matrix.

Quotient Matrix = (dij )

Algorithm for finding
coarse↳t equitable partition :

1) Label vertices by degrees
2)Refine labelling by appending
multiset of labels of neighbors

3) Repeat 14 until partition
stabilizes

.



Theorem (Atserins
,
Maniinsta

,
Roberson,5ñmH

,
Severini

,
Varvitsiotis )

G±fH ⇒ F a non - signalling correlation p :(VIGNVIH#→ [0,1]

that wins the (G, H) - isomorphism game.

Recall this means that

§. ply, y ' / ×, ×
') does not depend on ×;

§ ply, y ' / ×, ×
') does not depend on ×, and

ply,y
'IX.✗ '1=-0 on losing question/answer pairs .

Proo Exercise .

Corollary: G±qH ⇒ GI H .

Another relaxation :

Any permutation matrix P satisfies ptp-PPII.ie. is unitary.

Gt H are cospectral<⇒F unitary Us.t. U*AoU= AH. .



A- "quantum
"

relaxation pijecd
'd

A matrix F- (Pj) c-Mn led
✗d) =¢n×n☒¢d✗d is a

quantum permutation matrix ( or magic unitary) if

1) Pij =P;j=P Vi,j€[ n] ;
2) §Pij=I=EPek fi , ke[ n] . }

⇒
Pit Pit. = 0ifj-ykpijpe.joif i# l

Lemma : Suppose F- (Pij) c-Mutcd
"
) s.tl?j--P,j?--P;j*V-i,j .

Then P is unitary if and only if it is a quantum permmtx.

Proof: Exercise .

theorem (Atserias et al) : G=qH←→F a quantum
permutation matrix P -=/Pgn) c-Mutcd

") satisfying
P*lAo☒Ia)P= AH Id .

⇐ (Ao☒Id)P=PlAµ☒Id )

(g ,h)
- blocks : ¥,Bjn=§nPgh'



Prod : Recall that G=qH⇐> there are projections
13h C- ¢d✗d V-g.cl/lG),hc-VlH) satisfying :
1) E. Pgn = I ¥9 c- V14

; } p=lPgn ) is a quantum2) § Pgn = I th -c- VCH) permutation matrix

3) Pgn Pojii =D if rellg.gl/t-rellh,hY .

So it suffices to show that for a quantum

permutation matrix P -- ( Pgn), condition (3) is

equivalent to (Aa I)P=PlAH☒I)
i. e. ¥,Bjn=£nPgh' Y g , h .

Suppose (3) holds . Then for any gevlbl , he VCH) :

¥,Bjn=¥,Bjn§Pgñ=¥,Bjn§nPgn . = §. BjnF~npgn.in?gPgri .

Conversely, suppose that ¥, Bjn-E.nl?pi-Vg,h .

Note that these sums are projections . Thus

§, BjnE.nl?pi--fEgBjnY--&gBjn--Eg~gBjnEn.Bpi .



Therefore
,

§,Bjn E.nl?pi-- 0 ⇒ if ojngihxh , then

BjnPgñ=Bjnl¥, Bin E.nl?pi)Pgn--0.

Similar for other cases of reltg.gl#rellh,h7 .

Corollary : If G±qH , then Gt H are cospeetr⇒ 1.

G=-qH ⇒ G# H & H#G & E# It & LIFE

0167=0(H) ⑤(G)= 0TH)

Xx
, Xp , Wy , Gf


